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Full marks are not necessarily awarded for a correct answer with no working.  Answers must be 

supported by working and/or explanations.  Where an answer is incorrect, some marks may be given for 

a correct method, provided this is shown by written working.  You are therefore advised to show  

all working.

Section A

Answer all questions in the boxes provided.  Working may be continued below the lines, if necessary.

1. [Maximum mark:  6]

The following system of equations represents three planes in space.

x + 3y + z = -1

x + 2y - 2z = 15

2x + y - z = 6

Find the coordinates of the point of intersection of the three planes.

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP02

M16/5/MATHL/HP1/ENG/TZ2/XX



– 3 –

Turn over

2. [Maximum mark:  5]

 The function  f  is defined as  f (x) = 
3 2

1

x

x

+
+

, x ∈  , x ≠ -1 .

Sketch the graph of  y = f (x) , clearly indicating and stating the equations of any asymptotes 

and the coordinates of any axes intercepts.
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3. [Maximum mark:  5]

 (a) Show that  cot α = tan 
π

2
−









α  for  0 < α < 

π

2




  . [1]

 (b) Hence find 
cot

2

tan

1
d

1
x

x

α

α +∫ , 0 < α < 
π

2




  . [4]
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Turn over

4. [Maximum mark:  6]

 The function  f  is defined as  f (x) = ax2 + bx + c  where  a , b , c ∈  .

 Hayley conjectures that 
f x f x

x x

f x f x2 1

2 1

2 1

2

( ) - ( )
-

=
′( ) + ′( )

, x1 ≠ x2 .

 Show that Hayley’s conjecture is correct.
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5. [Maximum mark:  8]

 A biased coin is tossed five times.  The probability of obtaining a head in any one throw is  p .

 Let  X  be the number of heads obtained.

 (a) Find, in terms of  p , an expression for  P(X = 4) . [2]

 (b) (i) Determine the value of  p  for which  P(X = 4)  is a maximum.

  (ii) For this value of  p , determine the expected number of heads. [6]
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Turn over

6. [Maximum mark:  8]

 Consider the expansion of  (1 + x)n
  in ascending powers of  x , where  n ≥ 3 .

 (a) Write down the first four terms of the expansion. [2]

 The coefficients of the second, third and fourth terms of the expansion are consecutive terms 
of an arithmetic sequence.

 (b) (i) Show that  n3 - 9n2 + 14n = 0 .

  (ii) Hence find the value of  n . [6]
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7. [Maximum mark:  6]

 A  and  B  are independent events such that  P(A) = P(B) = p , p ≠ 0 .

 (a) Show that  P(A ∪ B) = 2p - p2
 . [2]

 (b) Find  P(A | A ∪ B)  in simplest form. [4]
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Turn over

8. [Maximum mark:  8]

 Use mathematical induction to prove that  n (n2 + 5)  is divisible by  6  for  n ∈ +
 .
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  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP09

M16/5/MATHL/HP1/ENG/TZ2/XX



– 10 –

9. [Maximum mark:  8]

Consider the equation 
3 1 3 1

4 2 0
2

−
+

+
= < <

sin cos
,

x x
x

π
.  Given that  

ð 6 2
sin

12 4

− 
= 

 

π
  

and  
ð 6 2

cos
12 4

+ 
= 

 

π

 (a) verify that  x =
�

12
  is a solution to the equation; [3]

 (b) hence find the other solution to the equation for  0
2

< <x
�

 . [5]

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided.  Please start each question on a new page.

10. [Maximum mark:  18]

 A line  L  has equation 
x

p

y q
z

-
=

-
= -

2

2
1  where  p , q ∈  .

 A plane  Π  has equation  x + y + 3z = 9 .

 (a) Show that  L  is not perpendicular to  Π . [3]

 (b) Given that  L  lies in the plane  Π , find the value of  p  and the value of  q . [4]

 Consider the different case where the acute angle between  L  and  Π  is  θ   

where θ = 







arcsin

1

11
.

 (c) (i) Show that  p = -2 .

  (ii) If  L  intersects  Π  at  z = -1 , find the value of  q . [11]
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Turn over

Do not write solutions on this page.

11. [Maximum mark:  19]

 The following graph shows the relation  x = 3 cos 2y + 4 , 0 ≤ y ≤ π .

-7 0 7

x

y
π

 The curve is rotated  360û  about the  y-axis to form a volume of revolution.

 (a) Calculate the value of the volume generated. [8]

 A container with this shape is made with a solid base of diameter  14 cm .  The container is 

filled with water at a rate of  2 cm
3
 min

-1
 .  At time t minutes, the water depth is  h cm , 0 ≤ h ≤ π 

and the volume of water in the container is V cm3 .

 (b) (i) Given that  
d

d

V

h
h3 2 4 2cos )π  , find an expression for d

d

h

t
.

  (ii) Find the value of 
d

d

h

t
 when  h = 

4

π
 . [4]

 (c) (i) Find 
d

d

2
h

t
2

.

  (ii) Find the values of  h  for which 
d

d

2
h

t
2

0= .

  (iii) By making specific reference to the shape of the container, interpret 
d

d

h

t
 at the  

values of  h  found in part (c)(ii). [7]
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Do not write solutions on this page.

12. [Maximum mark:  23]

Let  w = +cos sin
2

7

2

7
i

π π
 .

 (a) Verify that  w  is a root of the equation  z7 - 1 = 0 , z ∈  . [3]

 (b) (i) Expand  (w - 1)(1 + w + w2 + w3 + w4 + w5 + w6) .

  (ii) Hence deduce that  1 + w + w2 + w3 + w4 + w5 + w6 = 0 . [3]

 (c) Write down the roots of the equation  z7 - 1 = 0 , z ∈   in terms of  w  and plot these 

roots on an Argand diagram. [3]

Consider the quadratic equation  z2 + bz + c = 0  where  b , c ∈  , z ∈  .  The roots of this 

equation are  α  and  α*
  where  α*

  is the complex conjugate of  α .

 (d) (i) Given that  α = w + w2 + w4 , show that  α*
 = w6 + w5 + w3 .

  (ii) Find the value of  b  and the value of  c . [10]

 (e) Using the values for  b  and  c  obtained in part (d)(ii), find the imaginary part of  α ,  

giving your answer in surd form. [4]
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Answers written on this page will not 

be marked.
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